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Group A : Metric Spaces
Answer as many questions you can. Maximum you can obtain is 30 marks in group A.

1. (a) Define a metric ’d’ on Q such that each point of (Q, d) is isolated. Give explanation. [4]

(b) Suppose A,B are closed in R. Is A + B = {x + y : x ∈ A, y ∈ B} closed in R? Justify. [3]

(c) Suppose A,B are closed in R such that A + B ⊆ [0,∞). Is A + B closed in R? Justify. [5]

2. (a) “Every bounded sequence has a convergent subsequence ” - Is it true in a metric space? Justify
your answer. [3]

(b) Let G be open in R such that 0 /∈ G. Prove that gG = {gx : x ∈ G} is open in R, ∀g ∈ G. [3]

3. (a) Find a sequence {Dn} of subsets of R such that each Dn is countable and dense in R but
⋂∞

n=1Dn

is not dense in R. [2]

(b) Suppose ’d’ is the discrete metric on R. Is (R, d) second countable? Justify. [2]

4. Prove that the space l∞ is not separable. Is l∞ totally bounded? Give justification. [5+1]

5. (a) Let

A = {(x, y) ∈ R2 : x /∈ Q or y /∈ Q}
B = {(x, y) ∈ R2 : 0 ≤ x ≤ 1, y ∈ N} and

C = {(x, y) ∈ R2 : x2 ≤ 4, 2 ≤ y2 ≤ 4}.

Justify whether A,B,C are compact in R2. [3]

(b) Show that a connected metric space with atleast two distinct points is uncountable. [3]

(c) Does there exist a set in R such that BdA is connected? [2]



Group B : Abstract Algebra III
Answer as many questions you can. Maximum you can obtain is 20 marks in group B.

6. (a) Which of the following groups can be written as direct product of proper subgroups and why? [6]

i. Z9, ii. Z21, iii. D4.

(b) Find the number of elements of order 3 in Z9 × Z3. [4]

(c) What are the elements of finite order in Z4 × Z? Justify. [3]

7. (a) Suppose G is a nonabelian group of order 8. Find the order of Z(G). [3]

(b) If G is a group with exactly three subgroups then show that o(G) = p2 for some prime p. [3]

(c) Prove that a group of order 90 is not simple. [5]

X


